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1 Introduction

Quantum mechanics was initially developed in the first third of the previ-
ous century, with quantum computation being explicitly studied since the
1980’s. Despite all of these efforts throughout the years, however, quantum
computing is a nascent branch of science, with most of its computational
paradigms not developed yet to higher levels of abstraction. While we do
have a handful of quantum algorithms providing promising results in the
area of computational efficiency, much of the work involved in designing such
an algorithm seems to still be largely based on guesswork. There is no clear
set of rules, or unifying principle, that would easily allow us to combine com-
putational primitives into building a new and efficient quantum algorithm.
Even though it is probably the case that quantum computation provides for
an inherently more powerful means of computation than classical comput-
ing, that remains an unproven conjecture to this day. Unless we develop the
means of abstracting our computational primitives to higher notions, setting
the foundations for a solid theory of algorithms and figuring out what gives
quantum computers their extra power, we will probably never be able to
prove a computational speedup or write efficient algorithms en masse.

My plan is to use category theory to examine the categorical semantics
of quantum computation and classical structures. This investigation will
look into all three aspects of a Curry-Howard-Lambek type isomorphism for
quantum computation with classical control, starting with the formulation
of a categorical model and moving on to study both the logic and lambda
calculus arising it.

The second and third sections of this report respectively cover the back-
ground in terms of category theory and quantum computing that is necessary
for this report. The fourth section combines material from the previous two
to define the model that will be used in my research. This model includes
coloured picture diagrams that represent classical operations on interacting
quantum observables. The fifth section gives a background in linear logic,
along with an explanation of how it relates to categorical models. The sixth
section gives a background in the linear lambda calculus and it discusses how
it naturally arises from †-compact categories. Finally, a seventh section looks
at the work ahead for my proposed thesis, including various open questions
popping up from the analysis of this report. This last part will discuss about
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extending the linear logic and lambda calculus presented, in order to account
for classical structures, via the translation of spider monoids. That will al-
low the application of the semantic techniques of this report in measurement
based quantum computation. As a result, these constructions will then be
able to be used to identify that element of quantum computation which gives
it its purported computational benefits.

2 Category theory

Category theory is an area of mathematics that provides us with a means of
reasoning about common properties of abstract structures; it allows the use
of diagrammatic reasoning while, at the same time, extending connections to
mathematical logic. This report will be making use of a lot of category theory
[Mac98] so, for the sake of completeness, this section will provide definitions
for of the notions used.

2.1 Basic notions

We begin by looking at categories, the most fundamental of the structures
studied by category theory. Following that, we will be able to define functors
and natural transformations, all of which will be used extensively later on.

Definition 2.1. A category is a collection of objects and arrows between
objects such that the following conditions hold:

• There is a composition operator ◦, that can take any two arrows of the
form f : A→ B and g : B → C and produce a new arrow g◦f : A→ C

• Composition is associative, so h ◦ (g ◦ f) = (h ◦ g) ◦ f

• For every object A in our category, there is an identity arrow idA : A→
A

• The identity arrows satisfy the unit law, whereby, for any arrow f :
A→ B in our category, idB ◦ f = f = f ◦ idA
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Definition 2.2. A functor is a morphism between categories, mapping ob-
jects to objects and arrows to arrows, in a way that preserves identities and
composition.

Example. Consider two categories C and D. A functor F : C → D, assigns to
each object A ∈ C an object FA ∈ D and to each arrow f : A → B of C an
arrow Ff : FA → FB in D. Since it preserves identities and composition,
it will have to be the case that F (idA) = idFA and F (g ◦ f) = Fg ◦ Ff .

Definition 2.3. When F and G are functors such that F,G : C → D, a
natural transformation η : F ⇒ G is a collection of arrows ηA : FA → GA
in D for every object A in C. These arrows have to be such that for any
f : A→ B in C, the following diagram commutes:

FA GA

FB GB

ηA

ηB

Ff Gf

Note. When all the ηA of a natural transformation are isomorphisms, we call
η a natural isomorphism.

2.2 More advanced notions

We now wish to define a way of describing how different categories are related
to each other. In order to do that, consider categories C and D, with functors
F and G between them such that:

C D
F

G

The strictest and perhaps most obvious type of relation occurs when both
of these functors are identity endofunctors F = G = Id, which would mean
that the categories are equal. An isomorphism is a weaker kind of relation
where G ◦ F = IdC and F ◦ G = IdD. An even weaker kind of relation is
an equivalence, where instead of requiring the composition of functors to be
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equal to the identity functor, we ask that there be a natural isomorphism
between them. In other words G ◦ F ∼= IdC and F ◦G ∼= IdD.

Continuing down that path leads us to a very important notion called an
adjunction, which is another yet weaker kind of relation between categories
[Che07]. To define this more rigorously:

Definition 2.4. Let C and D be categories, with functors F : C → D and
G : D → C. We say there is an adjunction 〈F,G, η, ε〉 when there exist
two natural transformations η : IdC ⇒ GF and ε : FG ⇒ IdD, respectively
called the unit and counit of the adjunction, such that the following diagrams
commute:

G GFG F FGF

G F

ηG

Gε1G

Fη

εF1F

Note. We say that F is left adjoint to G, writing this as F ⊣ G. Similarly,
G is right adjoint to F .

Definition 2.5. A monad 〈T, η, µ〉 in a category C consists of an endofunctor
T : C → C, together with two natural transformations η : IdC ⇒ T and
µ : T 2 ⇒ T , such that the following diagrams commute:

T 3 T 2 T T 2 T

T 2 T T

Tµ

µµT

µ

ηT Tη

µ1T 1T

Corollary 2.6. Any adjunction 〈F,G, η, ε〉 defines a monad. This can be
done by setting T = GF , which would make the unit of our adjunction a nat-
ural transformation of the form η : IdC ⇒ T and our µ = GεF : GFGF ⇒
GF . The resulting monad would be of the form 〈FG, η,GεF 〉. This can all
be easily verified by checking that the following diagrams do indeed commute:

GFGFGF GFGF GF GFGF GF

GFGF GF GF

GFGεF

GεFGεFGF

GεF

ηGF GFη

GεF1T 1T
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2.3 Specific constructions

Definition 2.7. A monoidal category is a category that has been equipped
with an bifunctor called tensor ⊗ : C × C −→ C. Up to appropriate natural
isomorphisms, the tensor is associative and features a special object I that
acts as a left and right identity:

aA,B,C : A⊗ (B ⊗ C)
∼=

−→ (A⊗B) ⊗ C

lA : I ⊗ A
∼=

−→ A rA : A⊗ I
∼=

−→ A

The tensor product thus forms a monoid, with I acting as the unit. These
isomorphisms have to further satisfy some conditions called coherence con-
ditions. These can be summarily represented by requiring that the following
diagrams commute for all A, B, C and D:

(A⊗ B) ⊗ (C ⊗D)

A⊗ (B ⊗ (C ⊗D)) ((A⊗ B) ⊗ C) ⊗D

A⊗ ((B ⊗ C) ⊗D) (A⊗ (B ⊗ C)) ⊗D

a a

a

id
⊗
a

a
⊗
id

A⊗ (I ⊗ B) A⊗ (I ⊗B)

A⊗B

a

r ⊗ idid
⊗
l

lI = rI : I ⊗ I −→ I

Definition 2.8. A symmetric monoidal category is a monoidal category with

an additional natural isomorphism called symmetry, σA,B : A⊗B
∼=

−→ B⊗A,
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such that the following diagrams commute:

(A⊗ B) ⊗ C (C ⊗ A) ⊗ B

a

A⊗ (B ⊗ C) (A⊗ C) ⊗ B

s
⊗
id

A⊗ (C ⊗ B)

C ⊗ (A⊗ B) a

a

s

id⊗ s

A⊗B B ⊗A

A⊗ B

I ⊗AA⊗ I

A

s

l
r

s

s
id

Definition 2.9. A symmetric monoidal closed category is a symmetric monoidal
category where, for any two objects A and B, there is an exponential object2

A ⊸ B, together with an evaluation morphism evA,B : (A ⊸ B)⊗A −→ B.
In addition to that, on any arrow of the form f : C ⊗ A −→ B, a process
called currying yields a unique morphism Λ(f) : C −→ (A ⊸ B) such that:

evA,B ◦ (Λ(f) ⊗ idA) = f

C ⊗ A

(A ⊸ B) ⊗A B

f

Λ
(f

)
⊗
id
A

evA,B

Definition 2.10. A compact closed category is a symmetric monoidal cat-
egory where, for every object A, there is a dual object A∗ along with two
morphisms dA : I −→ A∗ ⊗A and eA : A⊗ A∗ −→ I such that:

2Note that these are different to the exponential connectives of linear logic.
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(eA ⊗ idA) ◦ (idA ⊗ dA) = idA and (idA∗ ⊗ eA) ◦ (dA ⊗ idA∗) = idA∗

The dual object is unique up to canonical isomorphism.

Corollary 2.11. Every compact closed category is closed.

Proof. All of the exponential structure can be recreated by setting A ⊸ B =
A∗ ⊗ B. The evaluation function can be simulated by:

evA,B = rA ◦ (idB ⊗ eA) ◦ (idB ⊗ s) ◦ a−1 ◦ (s⊗ idA)

Definition 2.12. A †-compact category is a compact closed category that is
equipped with an involutive, contravariant, identity on objects endofunctor.
That functor, called dagger, reverses all arrows, leaves objects unchanged
and preserves the tensor structure. For any f : A → B, it will be the case
that f † : B → A and f †† = f . Moreover, for any object A in our category, it
must be the case that σA,A∗ ◦ e†A = dA

3 Quantum computing

Quantum computing is a radically different paradigm for computation which
relies on the laws of quantum mechanics, in the hopes of achieving a higher
computational efficiency than its currently used classical counterpart. This
section will cover some fundamental concepts of quantum computing [Mer07,
NC00], reviewing all the material that is necessary for understanding this
report, without however providing a rigorous overview of the laws of quantum
mechanics.

Classical computers operate on regular bits, whose value is either 0 or
1. When studying quantum computers, we view |0〉 and |1〉 as orthonormal
vectors, using them as a basis to span a complex Hilbert space. We are free
to pick a different set of orthonormal vectors as the basis of our Hilbert space,
however, the one mentioned earlier is usually referred to as the standard basis.
The length of a vector in this Hilbert space does not really matter, just its
direction, so we group all vectors up to a complex multiple into equivalence
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classes called rays. Qubits, the quantum analogue of a bit, can have any of
these rays as their value. This means that the value or state of any qubit
can be written as

|ψ〉 = α|0〉 + β|1〉

where α and β are complex coefficients. The fact that a quantum state can
be ”a little bit of” |0〉 and ”a little bit of” |1〉 at the same time, is called
superposition. Transformations of a quantum system’s state are described by
unitary operations acting on the system’s Hilbert space. State vectors can
also be viewed as linear maps, in which case we simply write

|ψ〉 : C → H :: 1 7→ ψ

The state of composite quantum systems is represented by the tensor
product of the Hilbert spaces that describe their constituent parts. This
behaves like a regular Kronecker product; for a system composed of A and
B, we write A⊗B. Similarly, for two linear maps f and g running parallel to
each other, each acting on a different state of a composite system, we would
write f ⊗ g. It seems natural that we could use |ψ〉 ⊗ |φ〉 to describe the
state of two qubits. We tend to write |00〉 for |0〉 ⊗ |0〉 and |11〉 for |1〉 ⊗ |1〉.
Because of superposition, however, there are some cases where a state can
not be written as the tensor product of two or more states. Typical examples
of this are the bell states: |00〉+ |11〉, |00〉− |11〉, |01〉+ |10〉 and |01〉− |10〉.

Hilbert spaces require fixing a basis in their underlying vector space, so
as a result, they come equipped with an inner-product:

〈−|−〉 : H×H → C

In order to formally introduce Dirac notation in our work, we want to further
refine the definition of an inner-product by breaking it down to a composition
of a bra 〈φ| and a ket |ψ〉, yielding 〈φ|ψ〉 = 〈φ| ◦ |ψ〉. This requires that we
introduce the notion of an adjoint :

(f : H1 → H2) 7→ (f † : H2 → H1)

where
〈ψ| := (|ψ〉)† : H → C
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Performing a measurement on a quantum system against some orthonor-
mal basis, destroys its state, by making it collapse into one of the basis vec-
tors. To define this more formally, a measurement against some orthonormal
basis consists of a set of projectors Pi, each sending the measured state to
one of the basis vectors. At the time of measurement, a probabilistic deci-
sion is made as to which projector will be applied to the state vector. If we
represent the state as a linear combination of basis vectors, the square of the
complex coefficient of any basis vector gives us the probability of collapsing
to that outcome during a measurement.

4 Categorical model

This section goes over the categories used to model quantum computation
and classical operations in the rest of the report. It starts by explaining how
the Hilbert space formalism can be recast into the language of †-compact
categories [AC04]. One of the biggest practical advantages of monoidal cat-
egories is that, on many occasions, they ”formally justify their absence”
[Coe06] in that they can be represented using a graphical calculus that greatly
simplifies categorical reasoning. This section also demonstrates how every
element of the initial quantum structure is represented graphically in what
resembles a two dimensional Dirac notation. It should be noted at this point
that all the diagrams should be read from bottom to top, as that will be
the direction of the compositional flow of time. The next part of this section
deals with classical operations, which are modelled in terms of internal spider
monoids, as well as with the computational interplay inherent in introducing
complementarity.

4.1 Categorical quantum computation

The category we will be using to model quantum computation is called FD-
Hilb and is the category of finite dimensional complex Hilbert spaces. Its
objects are finite dimensional Hilbert spaces and its arrows are linear maps.
Monoidal multiplication is represented by the Kronecker tensor product,
while the monoidal unit object corresponds to the set of complex numbers

10



I = C. Associativity of the tensor and tensor identities are up to equality,
so aA,B,C, lA and rA are reduced to identity arrows.

The adjoint is modelled using the dagger functor. In terms of the picture
calculus, the dagger denotes flipping a picture upside down, while the arrows
continue pointing the same way they were before (i.e. upwards).

For any three arrows f : A→ B, g : C → D and h : E → F , associativity
allows us to write their tensor product as:

B

A

f

C

D

g

E

F

h

By bifunctoriality of the tensor, we know that it preserves composition.
For any arrows of the form f : A → B, g : B → C, h : D → E and
k : E → F , once we add composition to our diagrams, the following property
should become more evident:

(g ◦ f) ⊗ (k ◦ h) = (g ⊗ k) ◦ (f ⊗ h)

A

B

C

f

g

D

F

E

h

k

=

A

B

C

f

g

D

F

E

h

k

as well as that it preserves identities:

idA⊗B = idA ⊗ idB

A B
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The proper graphical representation for the unit I is ”no line”, while
arrows containing I as their domain or codomain are represented as follows:

ψ : I → A φ† : A→ I φ† ◦ ψ : I → I

A

ψ A

φ†

ψ

φ†

A special case of arrows called scalars consists of all arrows of the form
c : I → I. In these specific cases, our categorical structure collapses to the
point where tensor is equal to composition. In other words c1⊗c2 = c1 ◦ c2 =
c2 ⊗ c1. Scalars can be moved freely around in the category’s graphical
representation.

Symmetry corresponds to a well known quantum operation called swap; it
is graphically represented by a pair of crossing lines. The following properties
are a lot easier to understand graphically:

A B

=B

B

A

A A B

B

A

f

C

D

g
BA

B

A

f

C

D

g
D B

CA

=

σA,B ◦ σA,B = idA ⊗ idB σA,B ◦ (f ⊗ g) = (g ⊗ f) ◦ σA,B

Compact closure is used to model entangled states. These are the only
cases we see arrows pointing downwards, as the ∗ in A∗ reverses the arrow’s
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direction. The graphical representation looks like this:

dA : I −→ A∗ ⊗A eA : A⊗ A∗ −→ I

These have to adhere to a property, fundamental in proving teleportation,
whose graphical representation is reminiscent of yanking a wire:

= =

4.2 Representing classical structures

One of the fundamental known distinctions between quantum and classical
computation is derived from no-go theorems. Classical computers routinely
copy and delete data; it is such a commonplace thing to do that we hardly
ever notice how entwined it is to the classical computational paradigm itself.
Quantum computers, on the other hand, can not perform either of these op-
erations. In this part of this section, we will see how to turn this problem into
a very important feature, which will in turn enable us to account for classical
operations within the, already defined, quantum categorical framework. The
following result [WZ82] is referred to as the no-cloning theorem:

Theorem 4.1. There is no quantum operation D, such that

D : |ψ〉 7→ |ψ〉 ⊗ |ψ〉

D : |φ〉 7→ |φ〉 ⊗ |φ〉

unless |ψ〉 and |φ〉 are orthogonal.

Similarly, there is another result [PB00], commonly referred to as the
no-deleting theorem:
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Theorem 4.2. There is no quantum operation E, such that

E : |ψ〉 7→ 1

E : |φ〉 7→ 1

unless |ψ〉 and |φ〉 are orthogonal.

From these two theorems, we can deduce that the only cases of quantum
states that we could treat as classical are those pertaining to orthogonal
vectors. This matches our initial intuition that quantum computation, as a
complex Hilbert space, is spanned by a classical basis.

Definition 4.3. A classical structure3 [CP07, CD08, CPP08b] is defined in
terms of special †-Frobenius cocommutative comonoids, henceforth referred
to as spider monoids. They are represented by a triplet (A, δ, ǫ), where A is
an object and δ and ǫ are two morphisms of the form:

δ : A −→ A⊗ A :: ai 7→ ai ⊗ ai ǫ : A −→ I :: ai 7→ 1

where the ai are the orthogonal vectors to which copying and deleting take
place. There are two ways, that can be used interchangeably, of defining the
properties that these morphisms will need to satisfy. The most common defi-
nition is that they need to satisfy monoid, comonoid, isometry and Frobenius

3N.B. Thanks to [CPV08], we now know that classical structures are in bijective cor-
respondence to bases.
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laws or graphically:

=

= =
Fr

ob
en

iu
s

la
w

=
Is

om
et

ry
la

w

= =

=

= =

= =

= =

=

Monoid laws Comonoid laws

The graphical representation for all of these laws corresponds to connected
graphs. Furthermore, the inputs and outputs on all of the required equations
match, so, as [CP06, CPP08b, CD08] proved, we can equivalently define

15



classical structures using the spider theorem. This theorem states that if a
graph generated by δ and ǫ is connected, then it is completely characterized
by its domain and codomain. If the domain is A⊗ . . .⊗ A

︸ ︷︷ ︸

n

and the codomain

is A⊗ . . .⊗ A
︸ ︷︷ ︸

m

, then it can be reduced to a ”spider” with n input and m

output wires.

b b b b b b b b b

b b b

bbbbbbbbb

bbb

m outputs

n inputs

Arbitrary states that are points of A (i.e. of the form |ψ〉 : I −→ A) are
denoted by ”black dots”:

ψ :=
A

ψ A

ψ†

ψ†

:=and

The monoid operation δ† : A ⊗ A −→ A, also known as fusion, can be
used to combine arbitrary states. For two states |ψ〉 and |φ〉, their fusion is
written as:

ψ ⊙ φ := δ† ◦ (ψ ⊗ φ)

ψ φ

= ψ⊙φ

On any classical structure (A, δ, ǫ), we define a map Λ that lifts any state
|ψ〉 of A to the endomorphism Λ(ψ) := δ† ◦ (ψ ⊗ 1A) : A −→ A. Similarly,
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we can lift any bra 〈ψ| by setting Λ(ψ)† = Λ(ψ∗) = (ψ† ⊗ 1A) ◦ δ : A −→ A.
We denote these graphically as:

ψ

=ψ

ψ†

ψ†

ψ∗

= =ψ∗ =

After combining all of these definitions, we can prove [CD08] that classical
structures follow what is known as the generalized spider theorem:

Theorem 4.4. Any connected graph generated by the operations of the clas-
sical structure (A, δ, ǫ), states |ψi〉 : I −→ A and the †-compact structure, is

completely characterized by its domain, codomain and Λ(
⊙

i

ψi). The graph-

ical representation is that of a ”decorated spider”

b b b b b b b b b

b b b

bbbbbbbbb

bbb

m outputs

n inputs

⊙

i

ψi

Definition 4.5. A point α : I −→ A is unbiased relative to (A, δ, ǫ) iff Λ(α)
is unitary. In other words, there needs to be a scalar s : I −→ I such that
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s · α⊙ α† = ǫ†, or graphically:

α⊙α∗

α†

=

α

α∗

α

= =

Definition 4.6. Two classical structures (A, δG, ǫG) and (A, δR, ǫR) in a †-
compact category are called complementary if the points that are classical
for one are unbiased for the other and vice versa. δG and ǫG are depicted
using green dots; the points they copy and delete are drawn in red and are
unbiased for the second classical structure. δR and ǫR are depicted using red
dots; they copy and delete green points, which are unbiased for the green
classical structure. Graphically this thing becomes:

=
α α∗

=
β β∗

α α

α

=
β

ββ=

5 Linear logic

This section provides an incremental overview of the structures found in some
flavours of linear logic, leading up to the corresponding logic for †-compact
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categories, while at the same time illustrating how each of these concepts
relates to category theoretic notions and properties.

Linear logic is a resource sensitive logic, first introduced in [Gir87]. Whereas
other logics provide the structural rules of weakening and contraction in order
to facilitate predicate re-use or non-use in proving truths, linear logic drops
the indiscriminate use of these rules and treats predicates as resources that
need to be expended in order to produce proofs. In terms of the Gentzen se-
quent calculus, the rules of weakening and contraction would be represented
as:

Γ ⊢ B

Γ, A ⊢ B
(Weakening)

Γ, A, A ⊢ B

Γ, A ⊢ B
(Contraction)

Due to of its resource sensitivity, linear logic finds many applications in com-
puter science such as in type theory, the semantics of programming languages
and the study of concurrency. A computational interpretation was given in
[Abr93], which was later extended in [AD05] to better express the unique
features of quantum computation. The definitions and presentation of this
section are largely based on the approach taken by these last two papers;
note, however, that some extra rules have been added to this logic. A cate-
gorical interpretation will be given for each of the rules presented, in order
to facilitate the Curry-Howard parallelisms of this report. The proof rules
for our logic are as follows:
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Logic Categories

Id
A ⊢ A idA : A −→ A

⊗
R

Γ ⊢ A ∆ ⊢ B

Γ,∆ ⊢ A⊗ B

f : Γ −→ A g : ∆ −→ B

f ⊗ g : Γ ⊗ ∆ −→ A⊗B

⊗
L

Γ, A,B ⊢ C

Γ, A⊗ B ⊢ C

f : (Γ ⊗A) ⊗B −→ C

f ◦ aA,B,Γ : Γ ⊗ (A⊗B) −→ C

Cut
Γ ⊢ A A,∆ ⊢ B

Γ,∆ ⊢ B

f : Γ −→ A g : A⊗ ∆ −→ B

g ◦ (f ⊗ id∆) : Γ ⊗ ∆ −→ B

⊸ E
Γ ⊢ A ⊸ B ∆ ⊢ A

Γ,∆ ⊢ B

f : Γ −→ (A ⊸ B) g : ∆ −→ A

evA,B ◦ (f ⊗ g) : Γ ⊗ ∆ −→ B

⊸ R
Γ, A ⊢ B

Γ ⊢ A ⊸ B

f : Γ ⊗ A −→ B

Λ(f) : Γ −→ (A ⊸ B)

At this point, it is interesting to compare the two worlds and see how
some notions translate from one to the other. The identity rule corresponds
to identity arrows in our categories. The cut rule defines function composi-
tion. The right tensor rule (

⊗
R) defines tensoring, while the left tensor rule

(
⊗

L) defines the associativity of the tensor. Linear implication (⊸) is a no-
tion equivalent to a category’s exponential objects, so naturally, implication
elimination (⊸ E) and the right implication rule (⊸ R) respectively define
the category’s evaluation and currying functions. Now we’ll add a structural
rule known as exchange:

Γ, A,B,∆ ⊢ C

Γ, B,A,∆ ⊢ C

f : Γ ⊗ A ⊗ B ⊗ ∆ −→ C

f ◦ (idΓ ⊗ sA,B ⊗ id∆) : Γ ⊗ B ⊗ A ⊗ ∆ −→ C

This rule corresponds to the symmetry isomorphism for the tensor. All
we need in order to have a fully fledged representation of symmetric monoidal
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closed categories is a monoidal unit. That is denoted by 1 and comes with
the simple rule of ⊢ 1. The natural question to ask at this point is whether
we can represent compact closure, which as it turns out has already been
done in [AD05]. The way to do this is by explicitly including linear negation
in our notation, which for an object A would give us A⊥. Linear negation in
our case is characterized by the following laws:

A⊥⊥ = A

1⊥ = 1

(A⊗ B)⊥ = A⊥ ⊗ B⊥

A ⊸ B = A⊥ ⊗ B

In ”conventional” flavours of linear logic, the De Morgan dual of the ten-
sor is defined as a multiplicative operation called par. In our case, however,
we have just set the tensor to be equal to par; so conjunction is equal to
disjunction. Surprisingly, this is the most natural way to include compact-
ness in our logic. The dual object A∗ of every object A in our category, is
represented by A⊥ in our logic. We can then use the right implication rule to
transform our identity rule to ⊢ A ⊸ A which, when translated via the linear
negation laws, becomes ⊢ A⊥ ⊗ A, or the equivalent of dA : I −→ A∗ ⊗A in
our category. Thus, we can now represent compact structure in this flavour
of linear logic.

We will turn our focus to †-compact categories. The additional element
needed for faithfully representing a quantum structure is the dagger functor.
All that we need in order to represent the dagger is an extra rule called the
dagger flip:

A1, A2, . . . , Ak ⊢ B1 ⊗ B2 ⊗ . . . ⊗ Bℓ

B1, B2, . . . , Bℓ ⊢ A1 ⊗ A2 ⊗ . . . ⊗ Ak
(†-flip)

f : A −→ B

f † : B −→ A
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6 Lambda calculus

The lambda calculus is a formal system studying function definition, applica-
tion and recursion. It started as a tool for studying the theory of functions,
but quickly found application in areas such as logic, proof theory, computabil-
ity and even formed the basis for what we now know as functional program-
ming. The typed lambda calculus was introduced by placing more structures
on the formal system’s construction rules, as a way of prohibiting cases with
an infinite reduction path. The lambda calculus corresponding to †-compact
categories and linear quantum logics, henceforth referred to as a †-lambda cal-
culus, is a radical departure from conventional lambda calculi. It’s roots lie
in the typed linear lambda calculus but, instead of restricting lambda abstrac-
tion to only binding variables, the †-lambda calculus also allows the binding
of composite terms. As a consequence of this, composite terms can now also
appear to the left of a turnstile; a fact which calls for an expanded set of
β-reduction rules. This section will go over the basic definitions and typing
rules necessary for such a †-lambda calculus while, once again, explaining
how these correspond to category theoretic notions. Please note that the
definitions presented in this section, especially those of the reduction and
reconstruction rules, are work currently in progress and are presented in this
report merely for the sake of giving the reader an idea of where this research
is heading.

Variables are denoted by single letters and are traditionally represented using
the later letters the alphabet. They are of the form:

x, y, z

Terms are denoted by different combinations of the following forms:

a, b ::= x | a⊗ b | let ψ be a⊗ b in c | λa.b | ab

Types can appear as any combination of the following forms:

A,B ::= A | A⊗B | A ⊸ B

A few things need to be noted here. First of all, we extend the notion of a
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free variable to:

FV (x) = { x}

FV (ab) = FV (a) ∪ FV (b)

FV (a⊗ b) = FV (a) ∪ FV (b)

FV (λa.b) = FV (b) − FV (a) − { a}

Finally, the typing judgements, or statements, we will be making are com-
posed of terms and types. They are always of the form:

a1 : A1, a2 : A2, . . . , ak : Ak ⊢ b : B

A set of typing rules is used to produce typing judgements; these corre-
spond to the rules that were presented in the section on linear logic, as well
as to structural notions found in †-compact categories. The rules and their
respective correspondences are as follows:

23



Lambda Calculus Categories

Id
a : A ⊢ a : A idA : A −→ A

⊗
R

Γ ⊢ a : A ∆ ⊢ b : B

Γ,∆ ⊢ a⊗ b : A⊗ B

f : Γ −→ A g : ∆ −→ B

f ⊗ g : Γ ⊗ ∆ −→ A⊗ B

⊗
L

Γ, a : A, b : B ⊢ c : C

Γ, ψ : A⊗ B ⊢ let ψ be a⊗ b in c : C

f : (Γ ⊗ A) ⊗ B −→ C

f ◦ aA,B,Γ : Γ ⊗ (A⊗ B) −→ C

Cut
Γ ⊢ c : A a : A,∆ ⊢ b : B

Γ,∆ ⊢ b[c/a] : B

f : Γ −→ A g : A⊗ ∆ −→ B

g ◦ (f ⊗ id∆) : Γ ⊗ ∆ −→ B

⊸ E
Γ ⊢ g : A ⊸ B ∆ ⊢ a : A

Γ,∆ ⊢ ga : B

f : Γ −→ (A ⊸ B) g : ∆ −→ A

evA,B ◦ (f ⊗ g) : Γ ⊗ ∆ −→ B

⊸ R
Γ, a : A ⊢ b : B

Γ ⊢ λa.b : A ⊸ B

f : Γ ⊗A −→ B

Λ(f) : Γ −→ (A ⊸ B)

The Γ’s and ∆’s that appear in some of the rules are shorthand for sets
of typed terms, each element coming with its type as usual. These sets are
otherwise known as contexts. The free terms of a context Γ, denoted by
FV (Γ), are given by the union of the free terms in each of the context’s
terms.

Applying these rules a number of times can lead us to composite but
reducible forms. These are reduced using a process called β-reduction as
follows:

(λx.b)a
β

−→ b[a/x]

let a⊗ b be x⊗ y in c
β

−→ c[a/x, b/y]

The notation b[c/a] is referred to as substitution and means ”take b and
replace all free occurrences of a in it with c”. In defining an operational
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semantics for substitution, care has to be taken to prevent us from violating
boundedness of terms. A more rigorous way of defining an substitution is
given by a double induction4 on the structures of a and b as follows:

Case ”a ≡ x (is a variable)”:

y [c/x] :=

{

c for x = y,

y for x 6= y

(pq)[c/x] := (p[c/x])(q[c/x])

(λp.q)[c/x] := λp.(q[c/x])

Case ”a ≡ mn (is an application)”:

y [c/mn] :=

{

y for b = y 6∈ FV (mn),

(λ(mn).y)c for b = y ∈ FV (mn)

(pq)[c/mn] :=

{

c for b = pq = mn,

(p[c/mn])(q[c/mn]) for b = pq 6= mn

(λp.q)[c/mn] := λp.(q[c/mn])

Case ”a ≡ λm.n (is an abstraction)”:

y [c/λm.n] :=

{

y for b = y 6∈ FV (λm.n),

(λ(λm.n).y)c for b = y ∈ FV (λm.n)

(pq)[c/λm.n] := (p[c/λm.n])(q[c/λm.n])

(λp.q)[c/λm.n] :=

{

c for λm.n =α λp.q,

λp.(q[c/λm.n]) for λm.n 6=α λp.q.

In order to preserve boundedness, the new rules sometimes5 do not β-

4In the cases where b is a λ-abstraction, certain provisions have to be in place to prevent
us from violating boundedness. These provisions are: FV (a) ∩ FV (p) = ø, FV (c) ∩
FV (p) = ø, and a 6=α p 6=α c.

5When b = y is a variable, a = mn is an application and y ∈ FV (mn), the term isn’t
β-reduced at all. Similarly, the term isn’t β-reduced when b = y is a variable, a = λm.n

is an abstraction and y ∈ FV (λm.n).
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reduce a term when acting on variables, instead maintaining these terms in
a dormant state. These dormant states are reactivated through the use of a
reconstruction rule called β†-reconstruction. The rule is defined as follows:

((λ(mn).p)c)((λ(mn).q)c)
β†

−→ (λ(mn).pq)c when p, q ∈ FV (mn)

λp.(λ(λm.n).q)c
β†

−→ (λ(λm.n).(λp.q))c when q ∈ FV (λm.n)

FV (λm.n) ∩ FV (p) = ø

FV (c) ∩ FV (p) = ø

λm.n 6=α p 6=α c

We now need to go over the rationale behind the definitions for β-reduction.
The case where a is a variable makes everything collapse to the usual way
of defining β-reduction, so there isn’t anything special about it to comment.
In the case where a = mn and b is the variable y, y[c/mn] can be thought
of as ”take y and replace all occurrences of mn in it with c”. Since y is a
variable, it will not have any occurrences of mn in it to replace. An obvious,
yet wrong, intuition in this case is to set y[c/mn] = y. If y ∈ FV (mn), then
there’s a chance we’ll get to use that substitution in the future:

((λxy.yx)nm) [c/mn] = ((λxy.yx)[c/mn])((nm)[c/mn]) =

(λxy.yx)((λ(mn).n)c)((λ(mn).m)c) = ((λ(mn).m)c)((λ(mn).n)c)

This last form is a typical example of where we can use β†-reconstruction:

((λ(mn).m)c)((λ(mn).n)c)
β†

−→ (λ(mn).mn)c
β

−→ (mn)[c/mn] = c

Similarly, in the case where a = λm.n and b is the variable y, it might
be tempting to set y[c/λm.n] = y since y can not possibly contain any
occurrences of λm.n. However, if y ∈ FV (λm.n), then perhaps we’ll use the
substitution in the future:

((λt.(λu.t))n)[c/λm.n] = (λt.(λu.t))[c/λm.n] n [c/λm.n] =

(λt.(λu.t)[c/λm.n]) (λ(λm.n).n)c = (λt.(λu.t)) (λ(λm.n).n)c =

= λu.(λ(λm.n).n)c
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Where, again, β†-reconstruction gives us:

λu.(λ(λm.n).n)c
β†

−→ (λ(λm.n).(λu.n))c
β

−→ (λu.n)[c/λm.n] = c

The rest of the cases in the definition of substitution come naturally from
the usual way of defining β-reduction, only differentiating in cases where
(mn)[c/mn] = c and (λp.q)[c/λm.n) = c (when λp.q =α λm.n) which are
obvious cases where a substitution is called for. In cases where the bound
term is a lambda abstraction, the special conditions of FV (a) ∩ FV (p) = ø,
FV (c) ∩ FV (p) = ø, and a 6=α p 6=α c are specially crafted to give us
FV ((λa.b)c) = FV (b[c/a]); a capture avoiding substitution.

Now, if t0
β
։ t1

β†

։ t2
β
։ · · · , we say t0

β†◦β
−→ t2 and t

β†◦β
։ t′. Though

it would be interesting to look at the properties of these reductions, since
the contents of this section are still work in progress, the part on reductions
would be way beyond the scope of this report.

A number of interesting translations take place between category theoretic
and lambda calculus notions. One of them occurs in

⊗
L, the rule that

defines tensor associativity in our category, whereby we gain a rule on how
to type a term when, instead of using two other terms for its derivation,
we plug in a composite term in their place. Another interesting case is cut,
the rule that defines composition of functions, which in the lambda calculus
corresponds to a type rule for substitution. Implication elimination (⊸ E),
the one responsible for the evaluation function of our category, turns out to be
function application. Consequently, the related notion of currying that comes
with the right implication rule (⊸ R), corresponds to lambda abstraction.

Similarly to the way we defined rules in the section on Logic, we need
to add the structural rule of exchange in order to account for the symmetry
isomorphism of the tensor:

Γ, a : A, b : B,∆ ⊢ c : C

Γ, b : B, a : A,∆ ⊢ c : C

f : Γ ⊗ A ⊗ B ⊗ ∆ −→ C

f ◦ (idΓ ⊗ sA,B ⊗ id∆) : Γ ⊗ B ⊗ A ⊗ ∆ −→ C

Compact closure is just as simple to demonstrate as it was in the case of
logic. All we did in the previous section was start with the identity law and
then apply the right implication law to curry it. Similarly, in the context of
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the lambda calculus, we can start with the identity typing rule a : A ⊢ a : A
and apply lambda abstraction to it to get the identity function: ⊢ λa.a :
A ⊸ A. The lambda calculus allows us to see the compact structure for
what it is, almost as well as the picture diagrams do in category theory; it
is a facilitator for the flow of information, a function that inputs a : A and
outputs a : A.

In order to model the dagger functor in the lambda calculus, the †-flip
rule in itself is not sufficient. The two additional rules that we will need,
†-R and †-L, are in fact one bidirectional rule. They are defined in the table
bellow:

Lambda Calculus Categories

†-flip
a1 : A1, . . . , ak : Ak ⊢ b1 : B1 ⊗ . . .⊗ bℓ : Bℓ

b1 : B1, . . . , bℓ : Bℓ ⊢ a1 : A1 ⊗ . . .⊗ ak : Ak

f :
⊗

Ai −→
⊗

Bj

f † :
⊗

Bj −→
⊗

Ai

†-R and †-L
a[p/q] : A ⊢ b : B

a : A ⊢ b[q/p] : B

(g ◦ f)† : A −→ B

f † ◦ g† : A −→ B

7 Further work

This final section will include a complete plan of my proposed work, the
methodology that I am going to use, as well as some preliminary milestones.
It will begin by discussing some open questions that arise from the analysis in
this report. I will then outline the immediate next steps in the research plan
I have prepared for my dissertation, the approach that I will take, as well as
the way in which these steps will help me address those aforementioned open
problems. I will then continue by presenting the main motivation behind this
direction of research and by explaining why these structures and semantics
are ideally suited as a model for measurement based quantum computation.
My plan is to use spider monoids to study these measurement based sys-
tems, in particular the resulting concurrency of operations, and then use
that analysis in order to draw some results on computational complexity.
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Some attempts at defining a programming language for quantum compu-
tation have already been made [Sel04b, vT04]. As these attempts progressed
[vTD07], it became clear that categorical semantics can provide a sound de-
notational semantics for high-order quantum programming languages. The
methodological approach used in this report, as well as that of my proposed
thesis, is one where the language’s description arises naturally from the as-
sociated categorical semantics. This allows for a language whose formulation
is not syntactically arbitrary, provides insight into the structures that govern
quantum computation and, finally, extends to higher-order functions in a for-
malised way. Selinger’s work on quantum programming languages [Sel04a]
emphasises the importance of incorporating classical control structures in
a quantum programming language. This was later done in [SV06], in the
form of a quantum lambda calculus with classical control, featuring an op-
erational semantics but no denotational semantics. The first milestone in
my research plan, is a complete translation of the categorical formulation of
classical structures into linear logic and the typed linear lambda calculus,
using ideas from [Has95, HJ95, Lam74]. Before doing so, in order to retain
a notion of directionality, some slight adjustments will need to be made to
classical structures, as per the way defined in [CPP08a]. The resulting logic
and lambda calculus will then need to be checked, in order to make sure the
theory is still consistent under β-reduction, and accompanied with proofs
of soundness and consistency. Selinger and Valiron worked in the same di-
rection [SV08], providing a complete categorical semantics for a quantum
lambda calculus with classical control but modelling classical duplicability
using the exponential operator !. That approach, however, involves using a
category with biproducts, where copyability is defined without axiomatising
bases. On the other hand, the approach of my proposed research, similarly
to that of [CD08, CP06, CP07, CPP08b, CPV08], defines orthonormal bases
in terms of spider monoids, replacing the exponential duplicability opera-
tor with one which is fundamentally linked to the encoding of the basis.
Moreover, the interaction between complementary observables can be used
to encode actual quantum operations.

Measurement based quantum computation [RB01, RB02, RBB03, Joz05,
BB06] is a computational paradigm which uses a classical computer with
control over a quantum resource. More specifically, the classical computer
accesses a large entangled state and performs measurements on multiple
qubits in specified bases. The classical computer then processes the results
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and decides upon what further measurements to make. This computational
paradigm matches perfectly with Selinger’s slogan: ”quantum data, classical
control” [Sel04a]. Once all the formalism for representing quantum com-
putation with classical control is in place, I plan on applying it to model
measurement based quantum computation and the measurement calculus of
[DKP07]. This is the second big milestone in my plan for my dissertation.
The formalism of †-compact categories and classical structures will faithfully
represent both the classical control machine and the underlying entangled
graph state, enabling us to reason about measurement based quantum com-
puters in the convenient graphical calculus of [CD08].

In the final part of my proposed research, I will use the insight gained
from the aforementioned representations in order to draw some complexity-
theoretic results. Ongoing developments in the field of measurement based
quantum computation [BK07, AB08] suggest that a number of quantum op-
erations can be performed simultaneously in that paradigm. This paralleli-
sation takes place due to the fact that multiple measurements are performed
at the same time and is, to some extent, responsible for the computational
speedup we realise in quantum computation [AB08]. The categorical formal-
ism proposed for my research, along with its corresponding graphical calculus,
will make it easier to visualise these operations. Moreover, the linearity of
logic that permeates the categorical model makes it ideal for the study of
concurrency. The ultimate goal of this entire research is to gain a better un-
derstanding of the element of quantum computation which provides it with
its additional computational power. Different approaches to this question
have, so far, produced widely disparate answers. I hope that my research
will be able to contribute in the further refinement of some of those answers.
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